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A new formulstion is presented for the vapor preseure of ice from the Hple point to — 100 °C hised on
thermodynamic caleulations. Usa ie made of the definitive experimental valoe of the vapar pressure of water ot its
triple point recently obiained by Guildner, Johnson, and Jones. A wable i gver of the vapor presiure a8 2 lunction

of temperature at 0. 1-degree intervals over the range O to — L0 °C,

ek with the vatues of the temperature

derivative at L-degree intervals. The fomulation is compared with published expzomentsl measurements and
vapar predaurs: equations. [ i estinated tha this foroulation predicts 1he vapor pressure of ioe with an overll
uncerainty that varies frotn 0016 percent & the triple poitn 1o 0,50 pencent st — 100 *C,

Key worde: Clausius-Clapeyron equarion: saturation vapor ueasure aver s theemal properties of iee; vapor
presaure; vapor presaure ai the triple poinl: vapor pessears of e water vapor,

1. Introduction

In meleotology, air conditioning, and hygrometry, particu-
larly in the maintenance and use of alandards and generalors
in calibrations and in precision measurenents, accurate val-
ues of the vapor pressure of the pure water-substance are
essential. Because of \his Wexler and Greenspan [1]' re-
cently published a new vapor preesure Formulation for the
pure liquid phase, based on thermodynamic caleulations,
which is in excellent agreement from 25 to 100 *C with the
precize measurements of Stimson [2]. Wexler [3] suhse-
quently revised this formulation to muke it consislent with the
definilive experimental value of the vapor pressure of water at
its triple point obtained by Guildner, Johnaon, and Jones.
The pirpose of this present paper is to zpply a similar method
of caleulaiion to the pure ice phase and denve a new formula-
tion for temperatures down to — 100 *C. This new formulation
for ice is constrgived W yield the identical value of vapor
pressure at the triple point as that given by the revised
tormulation for the liquid phase.

A eritical examination of the experimental vapor-pressure
data of ice discloses the disconcerting facl that the dispersion
among those values far exceeds modemn accuracy require-
ments. This dispersion arises, in part, from the inherent
difficulties experienced by investigators in making precision
measuremenls of these low pressures and from Lhe ambigui-
ties in the temperatore scale used in the early 1900°s when
several major series of determinations were made. Thermaody-
namic ealeulations, based on accurate thermal data, provide
an allernate rowte to the determingtion of vapor pressure. T is
therefore mol surprising thar such calewlations have been
mede repeatedly for ice with varying degreea of success. It is
interesting o note lhal these calculations have been preferred
vver lhe exislent experimenlal vapor pressures, primarily
because the calculations appear io yield less unceriainty than
the measurements.

! Figares im brockets indicase the lilermure peferesses M the end of this papes.

2. Darivotion

The Clausius-Clapeyron equation, when applied to the
solid-vapor phase transition for the pure waler-substance,
may he wrillen

dF Tz — ")

where p is the pressure of the saturated vapor, v is the
specific yolume of the salurated vapor, ©” iz the specific
vglume of the salgrated ice, T 13 the absolute thermodynamic
temperalure, { is the latent heal of sublimation, and dpfdT ia
the derivative of the vapor pressurs with respect te lenpera-
ture. The latent heat of sublimation is given by

I=h— K {2}

whete & is lhe specific enthalpy of salurated water vapor al
temperalure T and A" is the specific enthalpy of saturated ice
al the same temperature T.

The equation of state for salurated water vapor may be
expressed by

pv = ZRT (3)

where Z ia the compreasibility factor and / is Lhe specific gas
constant. When eq (3} is subslituted inte eq {1} the resull iz

I m
‘;—p = JnTE (1 + ";-) dT {4)

where higher order lenins of o™fe are neglected because vy
<= 1, On integrating, eq {4} becomea

2 L o
J;. dinp = | o (1+5)er  ©




where p, and p; are the saluration vapor pressires al lemper-
alures T| and T3, respectively. Suitable funclions will be
sought for Z, », ¢" and { in vrder to complete the integration of

().
eunnctians for the compresaibility factor Z and 1he specifie
volume of saturated water vapor o will be based on a virial
equation of slale expressed as a power series inp. A function
fnr the specific volume of saturated ice #¥ will be developed
from experimental daia for the coefficient of linear expansian
and the density a1 0 *C. A function for the latent heal of
sublimation ¢ will be derived from the specific enthalpies &"
and A of saluraled ice and salurated water vapor, respec-
lively, Use will be made of measurements of the specific heat
of jce to obtain Y wheress statistival mechanical caleulations
of the ideal-gas (zero-pressure} specific hezt of water will
serve as input data for esiablizshing an expression for &.

2.1 Temperature

Guildner and Edsinger [5] have recently made measure-
menis on the realization of the thermodynamic 1emperature
scale om 273,16 ta 730 K by means of gas thermonmelry.
Lnfortunately there are no similar high precision measure-
ments below 273.16 K. Therefore, it will be assumed that the
Inlermational Practical Temperature Scale of 1968 {IPTS-68)
(8] i= a sufficiently close approximation to the absolule
thermodynamic temperalure so that the thermal quantilies
given in terms of IFT3-68 can be used in eq {50 From the
triple point 1o — I} *C the temperature ¢ in degrees Celsius
has the same numerical values on 1he [ntemational Tempera-
ture Scale of 1927 {IT5-27) [7], the International Tempera-
ture Scale of 1943 (ITS-48) [8] and Lhe Intermalional Praclical
Temperalure Seale of 1948 ([PTS-48) [9]. However, 1he ice
point on [PTS-48 is defined a& equal o 273.15 kelvins
whereas on IT5-27 and ITS-48 it 13 defined as equal to
273,16 kelvins. The difference Tga — Tyg, where T and Ty
are the kelvin lemperatunes on IPTS-68 and IPT3-48, respec-
tively, in the range of interest reaches a maximom of 0.0336
kelvin at 20d) K [10, 11]. Using the corrections given by
Riddle, Furukawa, and Plumb:[11], temperaiures on 1T3-27,
IT3-48 and [PT5-38 have been converted o IPT3-68 where

needed in the calculalions.

2.2, Specific Volume of Soturated Vapor

Equation {3} is used o calculate the specific volume of
gelurgted water vapor v, The compressibility Taclor £ is
expressed as a power series in p

Z=1+8Bp+0Cp¥ + - (6}
where B’ is the second pressure-series virial coefficient and
" is the 1hird pressure-sedes vinal coefficient. The conltri-
bution of €'p* to Z is only a few parts per million at the triple:
point and less at lower lemperatures and so has negligibie
effect. The empirical relationship for the second virial coefli-
cient is based on experimental dalw obtained al elevated
temperatures. This equation will be extrapolated below 0 °C
with the full recognilion that Lhis may lead to large uncertain-
ties in the virial coefficients. Although B’ rapidly increases
in magnitude with decreasing lemperalure, the saluration
vapor pressure decreases even more rapidiy so thal £ rapidly

approaches its limiling valye ol unity as the lempemiure
drops. Salwrated water vapor, therefore, 1ends t; behave more
and more like an ideal gas as the temperature decreases,
thereby reducing the effect of erots in B,

Table 1 shows a compardson of £ [rom the idple point 10
— 100 °C, for water vapor satursted with respect to ice,
caleulaled using the empirical second virial eceffivient equa-
tions of Goff and Graich [12, 13, 14], Keyes [15, 16], and
Juza as given by Bain [17]. The maximum difference in £, as
well as ¢, is 118 ppm and occurs al (.01 °C. This can be used
ae an indication of pneertainty althongh the aclual enor is
indeterminale. The differences decrease as the lemperature
decreases, At —70 °C and below. the differences are equal
1o, or less than, one ppm since, al such temperalures, the
gecond virial coefficient makes a negligible contribution 16 2.
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The 1969 second virial coefficient of Keves [16] will be
uzed in order to be consistent with the eatlier use of 1his same
coefficient [3]. His virial coefficient equation. converled lo 5]
unils compatible with eq (), 1=

_ 048087 _

BI‘
T

(5(}5,‘965)

TE
[LL LT
x 10 5w 4 7 } X 1075, {7)

where B’ is in units of reciprocal pressure (Fa)™.:

2.3, Specific Yolume of Saturated Ice

Only hexagonal [ere-] will be of concern. It will be asaumed
that the erystala are randomly aligned with respect 10 the
optic axis. All known measuremenis of the densily of ice have
been made in the presence of an inert gus, uwsually at a
pressure of one almosphere and al a lemperature of 0 °C,

tibam 1N = 100 bar = 107" mb o= TRO0GE 0 10T mm Hy



Dorsey [18] has compiled an extensive list of such detcrming-
lions. Ginninga and Cortuccini [19] wsing a Buneen ice
calorimeter, oblained a value at @ * and one atmosphere? of
0.91671 gfml. This value iz definitive and supersedes all
earlier measuremenls. Using this value and the coefficient of
linear expansion of ice, the specilic volume was caleulated at
remperatores below 0 °C as follows,

The isopiesti: cocllicient of linear expansion of ice op is
defined by the equation

1 dh
oy = (}T; ﬁ)p {8

where A ia the initial length of a specimen at the ice point
temperalure, A is the lengih of the same specimen at temper-
ature T and dAfdT 15 lhe male of thermal expunsion. By
integrating eq (8), r.ubing the resuliant equalion, neglecling

higher order terms in j apdl, it follows that

Ty

r
i'p ¢ =i"p, r, [] + 3 f ap JT] (%)
L]

where v"p 7 is the specific volume of ice at pressure P and
temperature 7, +"p 7, is the speeific volume of ice al pressure
P and at the ice point lemperature T

There are several seriez of measurements of the coefficient
of linear expansion of hexagonal Ice-1 at simoapheric prea-
sure. The dala of Jakok and Edk [20], Powel! [21], Butkovich
[22], Dant] [23], and LaPlaca aml Pusl [24] were litted 1o a
linear equation by 1he method of least aguares. The result is

&p X 1% = —7.6370 + 0.227097 T (10}
which, when subsliluled into eq {9 ogether with the Gin-
nings and Corruceini value! fur the density of ice al 0 °C and
one almoaphere beeomes

P = 1069989 — 0.249933 X 101 T

+ 0371606 X 107 T2 (11}
whers u"p_,g-. expressed in cm'/g, is the specific volurme a1
atmoapheric pressure, 1.e., 101325 Pa, und temperalure T [t
is the specific volume ut saturation tather than a1 atmozpheric
pressure Lhal is needed. The apecific volume at a given
presaure can be corrected to thar at another pressure from a
knowledge of the isothermal compressibilily &, which is given
by the equation

Te'3*

tp

=k + {12}

where k; is the adiabatic compressibility, T is the absolule

* ) answeiphine = 100305 pascals.
A Ther lunsigy wam nearted {from giml s plem® b using the factor | m| = 1,000 cm? | 251

temperalure, v' is the specific volume, § is the volume
expunsivity, and r"p is lhe specific heal at conslant pressure,
Values of the isothermal compressibility of ice were calcu-
lated by using Leadbetter's values [27] [or the adishalic
compressibility of oe-[, eq {11} i oblain the specilic volume
al pressure Py and tempersture T, eq {10}t obtain B (=
3xp ). and eq (19} (which iz derived later} to obtain the
specilic heal at constant pressure Py, The resulis for the
temperature range of interest are given by the linear equaticn

k = (8.B75 + ¢.0165T) x 10~ {13)

where k is expressed in units of (Pa)™'. The specific volume
ol ice al pressure P and temperature T is therefore "pr =

' {1l — k(P — P sc thal

t'pr=1"p,r[1 — (B.B75 + 0.0165THF — 101325}

®x 107" (14)

where P is expressed in Pa. [T the saluvated vapor pressure p
is inserted for P, then eq (14) yields the pure phase specific
volume ¢* at saturation. Ohver the wemperalure range 173,15
1o 273,16 K the numerical value of the hrucket is equal 1o
1000 3 with & maximum vanabilily of one ppm. Using Lhiz
value yields

Vpr = = LOTOD0E - 0.249936 x 1074 T

+ 0.3716)) x 107F TR (15)

2.4 Enthalpy of kee

It can be shown [26] thal the specific cothalpy &" of the
solid phase of a pure substance, say ice, is Ziven by Lhe
relationship

o
AN = o dT + o'y dP — f(—’) P (16)
ar/,

whete c'p is the specilic heal of ice at conslanl pressure P,
When inlegrated this equation becomes

#s ™ P2 Ba |
dh"=j pdT +f [ﬂ"—f(—l] 4P 07
L L P ar r

Because: eq (17) represents a system undergoing o reversi-
ble process between wo equilibriam states, the initial and
finul enthalpies are independen! of the path. Therefore, a
path is chosen which slarts on 1he saluratian curve at (T pob,
moves isathevmally o (T, £, then proceeds isoharieally 10
{T, Pg), and finally goes issthermally to (T, p). The integra-
tion zlong thiz paih is given by



Pz L
KT — K = f [v" - T(i) ] dp
o arl, 1.

T » "
+f a',,ddr+J’ [;r'—r(—)‘] P, (18)
B Fa e s

If 5, ia the saturation vapor pressure al the ice-poin! lempera-
ture T, p is 1he saturation vapor presaure at lemperature T,
and F; is any olher pressure, say standard atmospheric
pressure, then A" — A" is the difference in specific enthalpy
of satoeated ice, wnder its pwn eguilibrium vapor pressue,
between temperatures T and T

Although measuremenis of the isopiestic specific heal of
ice have been made by several invesligalors [28-35], only
thoge of Giauque and Stoul [34] will be used because il is
believed thal these are the best available over the range of
lemperalures of interest here. These measurements were
made ai standard atmospheric pressure and cover the temper-
alure range 10.43 10 267.77 K. They are in good agreemenl
with the precise measurements of Dickinson and Oshorne
[37]. Unfortunaiely, the laller measurements do not extend
below 233.15 K.

Filling 1he Giauque and Stout data from 16942 10 26777
K i a quadralic equation by 1he method of least squares with
the temperatore converled 1o IPTS-68 and the heat units to
joules, yielda

'p, = Ag + AT + 4,77 {19)

where e”p_ iz the specific hear in J/gK at a pressure of one
almusphere. The coefficients are given in table 2. [nlegraling
e (19}, une obiains

r
J- ('n'jlu dl = J“.ﬂ{T - T[J
T
+ %{ri — T3+ ?{rs — TH). (20}

By letting

ar/ ,

“f -

and performing the indicated differeniiations and integra-
tions, eq {21} iz reduced to the form

AR = By + BT + Byp

] dP (21}
r

{22)

where p is the saluration vapor pressure in Pa a1 temperature
T, Pg = 101325 Pa and p; = 611 Pa. The coefficients are
givi:crli in whle 2. Substitution of eqs (20) and {22} into (18)
yields

K= W' + AT — Ty + ’;—‘{T= i

2

A
+ I (T3 = T2+ AR™. (23)

A numerical value remains to be assigned to the reference
enthalpy &".. Al any specified wmperalgre T, the lateat hoat
of fusion of ice I iz given by

f=h -4 (24)
where & and A" are the specific enthalpies of livjuid water
amd ice, respectively. By adopting the convention &'y = @ a1
the ice-point temperature it follows thar =h". The
choice of this convention will nol effect the Gnal resulls
because the arbivary assignment will cancel onl in the
computations. Usze iz now made of the exprrimentally deter-
it value for \he latent heat of fusion of ice al U *C and

standanl wtmospheric pressure recommended by Osbome
[36F. naraely, 333.535 J{g. By means of the thermodynamic

relationship
(), ==~ ()
apf.~ " \aTl,

the latent heat was adjusted from stanclard atmospheric pres-
sure { 101325 Pa) 1o the saturalion vapor pressure of ice at ()
*, i, 611 Pa, yielding Iy = —&"; = 333,430 Jfg, Equa-
tion {23] therefore becomes

23}

A
A" = —I" + 4T = T\ + 5‘{?= - 77
Ay g _ pa .
_'_3”. TH + A (26)
2.5, Enthalphy of Water Vapor
From eqs (3 and {6} it flluws that
ET
v=-;-1—{]+B'p+(;"p2+r“} {27
anid
Ju R
—] =={1+ B+ P2+ -
(&T),, p{ F i :
RT ¢ oB' ac’ )
+—p—=+F =+ 28
2 (P ar T T (28]
which on substitution iate eq (25) yield
af a8’ al’
] = —RT*[—+ + ] (29
(ap), ar  Tar )
[ntegration with respect to g leads te
a8’ 1 ac’
- I Rl v - il R V)
hP.T .Fl-,.rr RT ﬂf P ERT’E FIT pl [ _'
-‘Th- valus given by Dobome »pn converied Fom intemmivnal jostes b sdeadyie jogles e the

[arior 1000LG3 § = 14.j.
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where kg is the enthalpy of waler vapor a1 saluration prea-
sure g and temperatwre T and Xp 7 is the ideal-gas (sero-
pressure) specific enthalpy al the same lemperture T, The
third and higher-order lerms will he ignored because their
contributions to Ag - ave negligible. Thus, by =etling

an’

Ah=RT —p

ar?

the result can be written

—‘!I-p;r = hMT - Ah.

(31)

{32)

Friedman and Hauar [37] have calculated the ideal-gas
ssute) specific heat oy /R for water vapor from sm-
lisnmﬁn echanical cnnmderalmns over a wide range of 1em-
peratures. Their calcolated values from 170 10 280 K were
fitted to a polynomial equation by the method of least squares

which, after multiplying by R, has the form

pe = Do + D\T + D,;T? + DT

in units of JigK
Integraling wit

temperature T 10 T, one gets

P
hpoﬂ' - hn.;r‘ = j Ty dr
T

which hecomes

.-

where kg rand bp, 1, are

o
~ hpz, = DT — T} + Elu"z - TF)

(23)

« The coeflicienls are given in table 2.
respent to lemnpetalure from the ice point

(34)

D 1)
+ —3-’ (T2 — T + fﬂ"" ~ T (35)

the ideal-gas (zero-pressure} spe-

cific enlhalpies of water vupor at lemperalures T and T, in

units of Je.

The ideal gas sperific enthalphy kg 7, is a constant to

=k — k" {36)

11 will be recalled that the conventivn that k'; = 0 al the ice
point has already been edopled. Hence at this temperalure
ky = I';, with the resuli that eq {32) becomes

b= hy 7 — Al (37}
where
a5
= RTE —
.&.I'I.i RTi ﬂT P {38]
Replacing hy by £y in eq (37), one oblains
hgy, = U+ Aby, (39)

Substituting eq (39) into eg (35) gives rise to an expression
fur the ideal-gas apecific enthalpy of water vapor, that s,

ho1 = L's + by + DT — T + %{rff ~TA

b b
+ T = TH + T - T, (40)

Now by inserting eq (40} inlo (32} the rea]-Fﬂs specific
enthalpy of saturated waler vapor engu- , namely,

ho=hpr=F;+ A — Ak + DT - T)

I n n
+ 2T+ 2P -+ T - T @D
2 3 4
To colculate £, use is mazle of an approach due to Osheme
[38] which starls with the definition of an experimentally
rmiegsured calorimetric gquantily ¥
=y — 8 (42}
¥ hos heen quite avcurately measured [38-41). & is piven by
(38]

which a numerical value must be asmgned In order to do so .’ dp
use is made of 1he lalenl heat of vaporizalion ' al the icc &= ( _ ;) i'= FPTTT {43)
peint. By definilion pow "
TaBLE 2. Cosfficienta fo eguatioits .
]

L 1 z 3 L 3
A 0274292 0.5 X 1072 0325031 % 10
B |-0.344 » 107t A7e5 = L00T A07 = 107
[ CLBA492E X 10! sadugl » g0 — 0, 15852950 ¢ 1078 0.3550600 1079
F BAZIRAA0 ¥ IO —0.3227 7204 ¥ IOF BESSTIOE 2 107 [ —o 1 LWSLLE X Y
G |-0.57284204 x (M — 0040925 w 10 F | — IT4ABAZE 0 10 7 | Q64112408 » 1077 0. 33815137 ® P
H |- 1369402 = TP 1ATTRTL X 100" —0 322RRSE2 ¥ 10 Y 20426563 K 07 — UL 26806486 X L
K - 058653606 = 10 BE24103300 X 1P CLETAME2 X 10 ! — 0. 340317TE X LD ZEDETOET ¥ T0CT (&P1EEAL
L |-n5717481 = 100 SIGEAEIRA ¢ 100 —0. TASRMIZ x 10°F 0.A6GTERT = LI
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where ¢ and v’ are the specific volumes of saturated vapor and
water, respectively, and dpfdT is the tempemiore dedvative
of the vapor pressure of liguid water. The quentity ¥ is
represenied with high precision from 273.15 10 423.15 K in
unils of J{g by the following polynomizl equation [3]

T=FQ+F1T+F2T2+F3T3. {_44}
The coefficients are given intable 2. At T = 27315 K, v =
25008384 I/g. The quantity &, at T = 2753.15 K, usingz’ =
1. 00016 cmg [32] amd dp/dT = 44.4 PajK [3], is 0.0121
Ifg. Therelore I"; = 2500.8263 Jfg. By apprapriale substitn-
tiona inte eq (38) one cbtains Ak; = §.2365 Ifz.

2.6. Lotent Heat of Sublimotion

Suhatitution of egs (26) and (41) inte (2] gives rise to the
following equation for the latent heat of sublimation:

1= [m—aimmﬂ':}—mn-aum

1 1 1
- E {ﬂ| - AJT{.‘ - ‘.;(Di - AEJTF - ‘;D!Tl*]

+ {0y — AT + ;—{ﬂl — AT+ ;—{ﬂz — Ap78

+ iﬂ;f‘ — &k — AR" (45)

2.7 Vapcr Pressure

Combining eqa {5} and {45}, selecting Lthe lemperature T
and vapor presgure p; al the triple point as the lower limits of
integration, taking any temperature T and corresponding
vapor pressure p as the upper limits, and perurming some
simple mathematical manipulations, one ohtains

»

diln p)

®y

- i GATY = TH1) + Gy In (TTT)

J=n
r
Ah
—dT —
r, RT? j

_rL(ﬂ mi [ ()
T, RT? z) TiZRTz(v)

RT’

{46)

where &y = [{Tl — &+ A+ )

=¢1~

1
— (Dy — AT — 3 (L — AJT#

1 1

- 30— a7 = 10T @)

_ i -4
G ="e (49)

Dy — A
(:a = EM 2 [‘49}

=0

iry = 12R (50
and G, = 2 = A (51)

The coelficients are given in table 2.

The firsl two terms on lhe righl-hand side of eq (46)
provide the major cuntribution o the vapor pressure; the
integrals are small corrections which account, in par, for the
devialion of water vapor from ideal gas behavior. These have
been left in integral form because each i3 a funclion of p as
well as T,

The zbsolute lemperature gseigned o the wiple point on
[PTS-68 is 273.16 K. The corresponding vapor pressure is
611.657 Pa, the definitive value measured by Guildner,
Johnzon, and Jones [4]. The specific gas consiant for water, R
= .461520 )/g K., was derived from the CODATA recom-
metided value of 831441 Jimol K for the universal gas
conslant [43], and 18.015227 p for the molar mass of naty-
rally oceurring water vapor on the unified carbon-12 seale.®

Because eq (46) iz implicil in p it had to be solved by
ileration. Each of the integrals on the right-hand side was
evaluated al inlervals of 0.25 kelvins by means of the trape-
zoidal rule [47]. [tevation at each interval was terminaled
when suecessive values of p differed by less than 0.1 ppm.
The magnitudes of the terms in eq 146} are shown in skeleton
form in table 3. The magnitudes of the inlegral lerms are
equivalent to the relalive contributions they meke 1o The
vapot pressure. The sum of the integrals increases fron zero
al the triple point to —0.00038%9 at — 100 "C. Meglecting the
integrals, therefore, would introduce an error of up o 389
ppm in the vapor pressure. The sums of the inlegrals, &l
intervals of 2 kelving, were fitted by the method of least
squares lo the equalion

L 3
T
S integrals = 3, H,( 1 - T,H) + H I (:F) (52)
I

=0

with a residual standard deviation [48] of 0.7 * 1075 The
coefficients are given in table 2. Substhuling eq (52) into
(46), integrating the lefi-hand side, and combining terms,

" Acpording w Eisenberg and Enuanwn FM| whee quuic Shaienasein o ol |45, the Duupic
ennietd o niursllc oretng wale |I|-qu nocm jln orgin. Lahim the blimite ol anrinlion sl
enouniered the inopen am Hg""] H-g CI Hy"™3 andd HDD and e abundarres are 99 73] 0L04,

0213 aned .03 percenl. those s 4 wlch 1he eelilvr Ao s
& Haelivlecn, wnnmnpmlnl by the [ i . Alimir Weights |46]. wimbdrd he value
lE.IJ T ek fur M roulm-ukit weight of nelyrally oriyrring woaker.
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ane linally oblains

In (E) - i KTV — 7 ) + K, I (TTT,) {53)

Pt =g

which redures

np =S KP4 KyInT (54
=i
where Ky = Gy + Hy (55)
K =- (%“ + KT, + K TR + K TP
+mmn—mg (56)
K= Co + Hy (57)
Ky = Gy + Hy (58)
Ki= Go+ H, (59)
Ky = (g + Hs. (60}

The coefficienla are given in table 2.

The feasibility of reducing the number of 1erms in eqs (53)
and (34} was invesligated. Values of vapor pressure were
generated from eq (33) at one-kelvin intervals rom the ice
poini o 172,15 K and ftted by the method of least aquarea to
equalions of the ferm

In (;i) =3 LT — T 4 Loy In (;,l) (61}

] J=0 !

T
for 0 B n = 4 with and withaul the in (TTJ lerm. Forn = 2,
r

with the In (:‘T) term included, the standard deviation of the
¢
fit was 14 ppm and the maximum deviation was 26 ppm.

Thus, for » = 2, eq {41} becomes

In (i) = gL,{TH A EIAN (%) (62)

or, aliemately,

x
lnp=2 L+ LnT (63)
Sl
where
Ly
L,=—-TT—L2T¢-L31nT,+1np, (64)
i

The coeflicients are given in table 2.



3. Error Analysis

[t 32 of interes! lo assign reasunable bounds of uncerainty
1o the independent variables and constants and then calculate
the effect of these uncertainties on p. Start with eq {5} and
recall that

Z=1+8p {65)
ZRT
p=— {£¥3)
P

7
'l?"=ﬂ"pw'r![l + 2 xp,
T

sfr][l — Hp— Pam] 67
.

1= [ e dr + =50+ Ak 8h
Te

T
-J o, dT — BT+ T, (68)
T

where

a8’

ar ¥ (69)

Ak = RT?

and

N ECIE
¥ J: {u" - 7(2‘;)%];1:? {70)

Subsnituting the above equalions into eq (5) converts the
latter into a functional relationship of independem variables
and conslants. The vapor pressure is calculated by iteration
and numerical inlegration, as previously described. The cal-
culation then iz repeated with =ach variable and constant
separately augmenied by ils appropriate eslimaled error.

The absolute temperawure T enters into eq (5) as the
independent varizble so thal il is subject neilher to exper-
mental nor scale emor. However, experimental and sesle
errora in the tempersiore affect the uncertainties in the
independent variables; therefore, these temperature erors
are conlained in the eatimaled errors of the independent
variables. Since Ty is assigned values on [PTS-68, it will he
assumed that its estimated uncertainty is gero.

The estimated error in the specific gas constant for water
vapor il anses from the assigned (three standard deviationa)
pncertainty [43] in the molar gas constant of 78 ¥ 1072 [fmol
K and from a caleulated {thme standand devialions) uncer-
tainty in the molecolar weight of naturally ecurring water of
9 % 107% g/mol based on the assigned uncenainties [46] in
lhe relative atomic masses of the pertinent nuclides. The
resullanl eslimaled errer (three standard devialions} in R is
45 x 1078 )fg K (%4 ppm).

There are no experimental data below 273.15 K an which

1o base an estimate of the uncertainty in the virial coelficient
B' nor in the derivalive AB'fdT. Thersiore, four sels of
extrapolated viral coefficients were caleulaled, using the
empirical equations of Goff and Gralch [12-14], Keyes [15,
18], and Juza as given by Bain [17], and then dilferences
were obtained from the latest Keyes values [16]. The esli-
mated uncerainly was sel at thrice the maximum difference.
This uncertainty in 8' contribuled 10 8 corresponding uncer-
tainty in o80T

£, iz slandard aimospheric pressure. Because this is an
aasigned value it will be assumed thal ita uncenainty is zera.

Guildner. Johnson, and Jones [4] have assigned an esli-
mated uncertainty (three standard deviations plus syslemalic
errors] of 0LO10 g’n (16 ppm) to their measured value of the
vapor pressure at the iriple point py. Their estimated uncer-
1ainly will be used here.

Acconding to Ginoings and Cortyecini [19], the combined
random and systemalic oncerainly in their detenninalion of
the density of ive at 07 and 1 almosphere is 0.00005 g/ml.
This value was converted 1o 0.00006 cm?/g and the laver
used as lhe eslimaled unceriainly in the specific volume of
ice ' 1. The eslimated uncertaintly in the coefficient ap_
will ber taken as three Limes the standard deviation of the Lt
[48] as given by eq (10, thar is, .50 = 107%F cmfems K.
Leadbetter [27] haz ascribed an uncenainly of 5 percenl to
his values of the adiabatic compressibility of ice, namely 0.6
cm¥em® Pa. The same uncertainty is therelore used for the
isothermal compressibility &, sinee the latter is derived from
Leadbetrer's values.

Friedman and Haar [37) have computed cp /R 1o six
significant ligures. However, they did nol give an estimate of
the uncertainly in their calculated values. An error of 100
ppim therefore was assigned to oy /R, Combining this error
along with 99 ppm for the estimated uncerainty in & and 9
ppm which represents three limes the residual standard
deviation ol the fil of eq {33} resulled in an eslimaled errur of
140 ppen i e, B, 0026 2 1077 Jig K

In the absence of any other criteria for ealimating the
uncerainty in ¢"p,, a value of 0.0103 Jfg K was selecied
which equals three times the standard deviation of the fil of
eq (19), 0.0099 J/g K, plus an eslimated error of (.00 )/
K due to ambiguilies in the temperature ecale employed by
Glanque and Stout.

The estimated error in ¥; was laken as .45 Jfg which is
three times the standard deviation of the it of eq (44). The
uncertainty in 8; was conservatively estimated al less than
one pereent, that is, less than 0.0001 Ifg. Osbome [36] has
estimated that the random and sysiematic error in §§ was (.2
Jig and hiz value, therefore, was used here.

The quanlity Ah" varies from zero at O °C 1o abow —(0L.002
Yz at — 100 “C. Since il is small compared to f {(~ 2830 J/a],
its functional dependence on other parameters will be ig-
nored. The uncertaimy in A" was eslimaled al less than
0.0001 Jfg.

A summary of the individual estimated errors contributing
o 1he total ervor in the predicled vapor pregsure is given in
table 4. The corresponding uncertaintly in p due 1o each of the
enumerated errors i2 shown in table 5. The square root of the
sum of the squares of the individual ermor was used as the
best estimate of Lhe overall maximum envor in p [49). As the
lemperature decteages from the triple poaint w — 100 °C, the
egtimated relative error in p increases from 16 ppm to 0.3
percent.
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TaBLE 4. Swmmary of estimaled error in sanabder and conmars

Tempemture Patametsr
f R g L U S tn,
Magnitude Ezrur Masgriinun e Error Magnitude | Ermor | Magnitude Ermer Muagritudz Error Magnitude Ermor
c Nah N 1iPa LiPa Pa Pa em’fg emfg em®fem? Fa em?fen?Pa JigK ek
oot (461520 | D.000045 | —.6151 #1070 0.6309 x L ® 611,657 | 0010 10o08% | 000006 | 013 % 10 |06 2 107 L.e5a48  [0.00326
n 61520 005 | —0uel5L = 107t JAANE X 10F 611,547 N 1. 008y JO0005 A3 o A ¥ 107 1. BS540 26
L1 461520 O00MS [ —0T40 x 1o 5333 ® 10F 611657 Ruti 1004089 OO0 J3 % 1070 A [ 185677 26
-0 461520 D005 [ —0.9035 % 107° 1432 % |I0F 611657 N 1.0%08g i 13 0 N [l 18532 | ONHZ6
=30 461520 DDA | =001112 x Lot 2278 % 10~ 411,657 010 109082 - (OO 13w jot 6 107Y L.8253408 (26
—44 461520 00045 | -0 1385 W OL0? 3755 » 107 611,657 A0 109062 L Q000G 3 = g A6 1 L.85305 00026
— 50 -461520 05 | -0 1741 X LT Bald 2 10 611,657 L0 100080 RLLLL A3 % 0 & w1 LA5ZIS D026
—&l 6] 520 A0S —0.230% x| 1135 % 107 B11 657 0L0 LOrxee 000G 3 x 1078 6% 1.B514% 00026
- 461520 00005 | —0.28665 W 10°R 2083 X 107! 611,657 Lot 100029 ROLL B ER I L R L 1.85093 LEL
—80 ~4B1520 LDOB045 — (L2753 « L0~ Goel x 10t al11.657 A0 1.09089 i ki N [ o6 1o 1.B5040 A2
—50 61520 00045 = (L4587 » L0t CTROG » gt 411,657 A0 109082 - (ODDNG I K- AL L.B5014 D026
— 100 461520 D0004E | -06728 K LT 150 1072 611,857 010 1.09089 NELELE 13 = 107F % 1 L.A4uaT 026
o
G
TABLE 4.  Summary of estimraded irors (0 varialdes gnd conatants — cominuwed
Temperare: Parameter
' &5, y. & " AR" ay,
T Pl g v de: Esror M agmitude Emor | Magritude Error Magnitude trror Magrityde Errut Mupnitude Error
Mgk JigK I 1 N lig e N Iz Iz emfem K emfcm K
1L 21069 00103 ZRO0G.A4 LI o1l LIRLLI)] 333,43 0.2 — OO0 0.0 1L 0544 = 10! 05l = IS
a 21068 (0103 2500, 84 .45 00121 0,000 332.43 0.2 — LN 00001 054 % 107" 0.50 % 107
-14 2.0312 (0103 2E00. B4 043 0.2l 0.0001 333.43 02 — O DA 0. 001 0.521 = 10~ 0,50 = 1078
-0 19562 60103 2B, &4 045 o121 0.0001 33343 "z —0.00N0e 0.60041 0,400 x 0+ 0.50 = 107
-3 1.6818 030a 2604, B4 .43 0.0121 0,000 33343 02 —L 0 2 0.0001 0476 = Ly 050 % 10"
=4 1.8052 0,003 2500, 34 0.45 0,012} 0,000 333.43 2 — 0004 00,0001 0,453 » 10 0,50 % 107*
=50 17251 0103 2800, 34 045 00121 00041 333.43 0.2 —{ 1 0.0001 0430 = 107+ 0.50 ¥ 107
-6l 16627 0.0103 2800, B3 0.45 a.012) 2,0001 333.43 0.2 =007 0,0001 0.408 % 10+ 0.5 % 10r*
- 1.5910 0.0103 2800, B4 &.45 00121 . 0000 A33.43 .2 =00L% 0,000 L 0385 % 107 050 = 103
—&0 1.5199 0103 2600 84 045 00121 0. GO0 33343 0.2 — {00 .01 362 % 107 0.50 x 10"
— o) 14454 10103 2HIX). B4 0.45 [t ] 0.1 343 43 [ L LEL 1 100Nl N340 = 10~ 0,50 = 10*
— 1 1.3797 0013 20504, &4 .45 izl 0. DN 33343 .z —LiNE2 00001 0.317 x 10 050 ¥ Jo




TAaBE 5. Summary of equisalens arrors R vapor pressure due to estimated srors in vardables and coratani

Temperature Parameter Estimated

- Owerall

: Rl e [ o[ ovn [ & Ja | [ v | & | » Ja# [ | Emr
*C Emimated erme in vapor pressurs due to estivgued etoe o indicated parameter, ppm ppn
0.0l L] 4] 16 =] =] L] L] 1] =1 ] <1 =1 16

Li] L] L] 16 =] =] L] L] 1] =1 1] <1 =1 L&
—10 83 532 16 £ | =] L] 15 135 =1 o =1 =1 559
— 20 173 Q50 16 <] =] 1 6 282 =] 125 =1 <] 1016
—30 2N | 139 16 =} =] 3 157 440 =} 1925 =] <1 1411
—40 a6 | 1580 la =] =] 1 295 612 =] 272 =1 =] 1781
-5 441 1845 L] =] =] 12 485 TOO =] 355 =1 =1 21546
—60 &l8 | 2101 16 =] <] 18 746 LY =1 436 =] £ | 2361
—T THG | 2353 16 =1 L4 | 7 1081 12X <] Mo =1 =] 22
—80 aoa | Zedl 16 <} | M 1508 1477 =] 630 =l =] 3302
=90 H7E | 23 16 =1 =1 52 2043 1732 =1 Th <l <] 4004
— L0 1278 | 3279 146 =1 =1 72 2708 055 =1 up2 =1 =] 49T

* Square ool of the aum of the squares of the estimated amrors contriburiad by each parameter.

4. Compaorisons

The tirsl experimenial values of the vapor pressure of jou
were teporied by Regnaull [50] in 1847, Subsequently, mea-
surementa were made by Fischer [51], Juhlin [52]), and
Marvin [53). [n 1909, Scheel and Heuse [54] al the Physikal-
1sch-Technische Reichsanstalt {PTR) published the results of
their work which superseded all earlier determinations for
tange, precision and accuracy. Using 2 Ravleigh inclined
manomeler and a platinum resislance thermometer they mea-
sured the vapor pressure from 0to —67 *C. In a second paper
[55] they suggested 1hal temperaturea inlerpolated Grom the
Callendar formula would be more in aecord with the thermo-
dynamic scale then the lemperalures given in their firal
papet. [n 1919, the PTR issued revised values of the Scheel
and Heuse measurementz [36). Alhough not explicitly
stated, these new vzlues appear 10 have been bused on the
use of \he Callendar formula for inlerpolaling LEmperatre
measurerments with platinum resistance thermomelers.

Weber [57] in 1915, emploving both a hol-wire manometer
and a Knodsen radiometer, made measurements from —22 to
—98 °C. A limited number of delerminations were mude by
Nernst [58] in 190% and by Drucker, Jimene, and Kangrn
[59]in 1915. Douslin and McCullough [60] in 1963, using an
inclined dead-weight piston gage, made measurements Lo
—30°C. Janeso, Pupezin, and ¥an Hook [61] in 1970 used a
differential capacilance manometer to efiect w senes of deter-
minalions te — 78 °C. They used 1he vapor pressure of ice at
0 °C as the reference pressure for their manomeler, assigning
1o 1t the value 4.581 mm Hg {610.7 Pa).

A comparison of eq {34} wilth these measuremenls, exclud-
ing the warly work of Regnault, Fischer, Juhblin, and Marvin,
is shown in figure 1. The temperalures given by the invesliga-
tors were converted to IFTS-6B for this comparison. Many of
the errors associated with these measuremenls are not given
explicitly go it is difficull to determine both their sources and
magnitndes, Therefore, ne atlempt has been made to sssign
uncertainties nor to maks correctinns except lor the lempera-
ture scale and, where noted, far reference preseure. Becayse
the Jancso, Pupezin and Yan Hook pressure measurements
were made with respect la Ihe vapor pressure at the ice poinl
they were adjusted 1o conform 1o the vapor pressure al 0 °C

predicted by e (534), namely, 611,154 Pa rather than 610.7
Pa {4.58] mun Hg) which Jenese, Pupezin, and Van Hook
uzed.

The sels of dala of some of The investigators Lend te deviate
from eq (5%} in consislenl wayzs. The Scheel and Heuse
megsutements [black dots) are penerally lower in magnitude
[excepl for two pointz] than the vapor pressurea calculated
from eq |54); the differences increase until at —67 *C they
are of the order of T percent. Weber's measurements
{pluses} are much closer, but they also gre lower in magni-
ude (eacepl for lwo points); at aboul —98 °C, where supris-
ingly Weber obtained several measurementa, the deviations
are 3z large as 25 percent. Among all the invesligalors, the
best agreement is achieved with Weber. However, Weber
made no measurements above —22 “C.

OF the three measurements of Memst (black squares) two
{aL —30 and —50 °C} show positive differences and the third
{al —40 °C) a negative difference, none exceeding 2 percenl.
The Ducker, Jimeno, and Kangro measorements [black 1n-
angles) tend to be high, with one value (at —34 °C} differing
by as much as +12.3 percent. The differences for the
Dovalin and MeCullough measurements (asterisks), which
cover the range of \emperature from —2 o —31.4 *C, are
almost squally positive and negative in nomber and reach a
magnilyde f about one percent at —31.4 °C. The Janeso,
Pupezin, and ¥an Haok differences {circles) scatter more or
less randomly in the temperalure region above — 15 °C; from
=35 °C and below, the differences are all posilive. reaching
a magnitude of 20 percent al about —78 °C,

The differences far pxceed the estimated uncenainty of the
values predicted by eq {54). It may be inferred from the
difference patterna displaved by these several sets of dala
that lhere are significant systemalic errors present in each of
these data. The obvious conclusion is that e definitive set of
measutements remains o be made,

Numerous empirical equalions have been proposed to rep-
resent the vapor pressure of ice. Scheel and Heuse [54] and
Thiesen [62] derived formulas which Nit the original Scheel
and Heuse data [54]. The equativns of Telens [63] and
Evdelyszky as given by Sonntag [64], are of the Magnua type
{65] with different sets of coefficients. The Jancao, Pupezin,
and Van Hook [61] empirical equalion i3 based on a leasi
square (i1 L Lheir own incasurements.
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